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Abstract

Markov decision processes (MDPs) are natural models of computation in a wide
range of applications. Probabilistic computation tree logic (PCTL) is a powerful
temporal logic for reasoning about and verifying such models. Often, these models are
prohibitively large or infinite-state, and so direct model checking of PCTL formulae
over MDPs is infeasible. A recognised solution to this problem would be to develop
finite-state abstractions of MDPs that soundly abstract the satisfaction of arbitrary
PCTL formulae over very large or infinite-state MDPs. We state requirements for
such an abstraction framework — e.g. that model checking of abstractions under-
approximates generalised model checking for PCTL — and show important meta-
properties that follow from these requirements. We take a notion of stochastic games
from stochastic reachability analysis, adapt it, develop a simulation order for these
adapted games — decidable in P — and prove that this adaptation meets all key
requirements for an abstraction framework. Unlike generalised model checking, model
checking our abstractions is reasonably efficient. We also show that the refinement

characterised by PCTL is coarser than our simulation order.

1 Introduction

In many application areas both stochastic uncertainty and worst/best-case uncertainty
coexist. Markov decision processes (MDPs) are models that capture both types of un-
certainty well. This makes MDPs well-equipped to model software exhibiting both non-
deterministic and probabilistic behaviour, such as randomised algorithms, or networking
tools [25]. A powerful temporal logic for analysing MDPs is probabilistic computation
tree logic (PCTL) [18]. For any MDP M and PCTL formula ¢, we are therefore inter-
ested in whether M satisfies ¢ (i.e. verifying M = ¢), or not (i.e. refuting M = ¢). But,
for software verification such direct verification is typically not feasible.

Thus, a predominant approach to software verification — used by many qualitative
model checkers — is to convert M into a compact abstraction A, to verify A E ¢, and
obtain M | ¢ from a soundness result for free. This approach is usually limited to
universal fragments of temporal logics [9] and, as such fragments are not closed under
logical negation, unsound for refutation.

In this setting refutation is instead realised by concretising abstract counter-examples
[8]. Such an approach to refutation is less appealing for probabilistic model checking as
probabilistic counter-examples typically consist of large collections of traces [17]. Thus
deciding whether such a counter-example carries over to the concrete program is unlikely
to scale well. Tt is therefore worth devising abstractions A such that for arbitrary formulae

of the given temporal logic the verification of A |= ¢ soundly implies M | ¢ (e.g. [10]).



This enables both abstraction-based verification and refutation for logics closed under
negation, such as PCTL.

In this paper, we state requirements for such an abstraction framework for verifi-
cation and refutation of MDPs and PCTL and show important meta-properties that
follow from these, e.g. that model checking of abstractions under-approximates gener-
alised model checking for PCTL. To instantiate this framework, we adapt the notion of
stochastic games from stochastic reachability analysis [27], develop an efficiently decid-
able simulation order for these adapted games and prove that this adaptation meets all
key requirements. We further demonstrate that model checking of abstractions is rea-
sonably efficient, unlike generalised model checking. Also, we show that the refinement
characterised by PCTL is coarser than our simulation order. Proofs can be found in the

appendix.

Related work In [I3, 19] MDP are abstracted by MDPs again, through the strong
simulation preorder of |22} [30]. Reachability properties verified on abstractions are sound
for the abstracted MDP. In [30] it is shown that such simulations do not soundly verify
negated Until formulae.

Transition probabilities can be abstracted as sets of probabilities, e.g. intervals. Such
foundations exist for (discrete and continous-time) Markov chains (e.g. [22] 20, 16}, 23]).
It is unclear whether, and if so how, this approach can be extended to include non-
determinism (e.g. MDPs).

In [27], 24] stochastic games as abstractions of MDPs were proposed for probabilistic
reachability analysis. These games separate the non-determinism stemming from MDPs
from the non-determinism stemming from the abstraction process. The novelty of these
abstractions is the ability to compute bounds specifically tailored to over-approximate
the minimum probability and under-approximate the maximum probability of reaching
a target set. This has the flavour of a three-valued abstraction for which verification and
refutation are both sound [5] and has successfully been applied to probabilistic software
verification [25].

For qualitative systems, sound verification and refutation of temporal logics have
mostly been developed in a (sometimes implicit) three-valued setting [28] [, [10]. Our
results for sound abstraction-based verification and refutation of MDPs and PCTL are,
notably, informed by work on modal/mixed transitions system [28], [10], three-valued
abstraction of games [15], generalised model checking [6] and a finite model property

adapted to abstractions [L1].



2 Background

We write N for the non-negative integers and AP for a fixed set of atomic propositions. For
aset X, let P(X) be the powerset of X. A distribution over X is a function A € X — [0, 1]
such that ) s A(z) = 1 and the set {x € X | A(xz) > 0} is countable. Let D(X) be
the set of all distributions over X. For z € X let u, € D(X) be the point distribution
on z, i.e. puy(x) = 1. By abuse of notation, we write ay - 1 + ... + a, - @, for linear
combinations of point distributions p,,. If X’ C X, and A € D(X’) we will sometimes
implicitly interpret A as a distribution over X where A\(z) = 0 for all x € X \ X'. For
a set of distributions A € PD(X) over X, and a distribution Ac € D(A) over A, let
(Ao Ac) € D(X) be defined as (Ao Ag)(z) = D yep Ac(A) - A(z) for all z € X

For any binary relation R C X x Y let R~!' C Y x X be the relational inverse of R.
We will sometimes use infix notation x Ry for (z,y) € R. For every X' C X let R.X’ be
the image of X’ in R, i.e. theset {y € Y | 32/ € X': (2/,y) € R}. We often write R.x for
R.Ax}.

As in [22] we lift R to a relation over distributions D(R) C D(X) x D(Y') by letting
(Ax,Ay) € D(R) iff there is a weight function 6 € X x Y — [0, 1] such that:

Ve e X: 3 oy 0(z,y) = Ax(2) (1a)
VyeY: Yex 0(zy) = Av(y) (1b)
V{z,y) € X xY: (6(z,y) > 0= (x,y) € R) (1c)

Let 7 be an arbitrary finite or infinite (non-empty) sequence of elements wp,wi,ws, . . ..
Let |7| be the number elements of 7 minus one. For ¢ < |7 let 7() be the i41-th element
w; of 7 and, if 7 is finite, let 7 be the last element of w. For i < |r| let 7% be the prefix

of 7 such that |7¢| = i. We denote with 7 ~ 7’ the concatenation of two sequences.

Probabilistic CTL Properties of probabilistic models are often written in probabilistic
computation tree logic (PCTL) [18]. We define a minimal fragment of PCTL whose unre-
stricted negation makes other operators, such as a tautology (tt), conjunction, eventuality

and globality, definable.

Definition 1 (PCTL syntax). A PCTL formula is defined with the following BNF-style
syntax rules where a € AP, k € NU {oo}, p€ [0,1] and € {<, <, >, >}

¢u=a|=¢|d1V b2 | Pugp(ih)
Vi=X¢| o UF ¢y .

We call subformulae of the form ¢ and v state and path formulae, respectively. We



denote with ®pcr, and Vper, the set of all PCTL state and path formulae, respectively.

Markov decision processes In quantitative software verification behaviour can be
both non-deterministic and probabilistic. Markov decision processes naturally capture
such semantics. Without loss of generality, our notion of MDP has propositional but no

action labels.

Definition 2 (MDP). A Markov decision process (MDP) is a tuple (S, I, T, L), where: S
is a set of states; I C S is a set of initial states; T € S — PD(S) is a transition function
and L € S — P(AP) is a labelling function.

Let .# be the class of all MDPs. Let M = (S,I,T, L) denote any MDP throughout
this paper. A transition originating from s € S needs to resolve both a non-deterministic
choice, by choosing A € T'(s), and a probabilistic choice, by choosing s’ such that A\(s") >
0. We allow T'(s) to be the empty set, in which case we call s a deadlock state. When we
define probability measures and PCTL semantics we need a transformation M — M, €
M — A which adds a sink state | to M so that | and every deadlock state of M
deterministically transition to 1 with probability 1.

A path of any MDP M is a sequence of transitions that strictly alternates between
states and distributions as described above. Let IIy; be the set of finite paths, 1I3; the
set of all infinite paths, and IIj/(w) and II7(w) the set of finite and infinite paths of M
that start from w (respectively).

A path resolves both non-deterministic and probabilistic choice. But, a strategy re-
solves only non-determinism. Formally, a strategy is a partial function o € II; — D(S)
such that o(7) € D(T(7)). A path m of M is consistent with o iff for all i < |7| — 1
with 7(i) € S the probability o(7)(7(i + 1)) is positive. Given a strategy o and a set
of paths, we will add the subscript o to denote the set of paths consistent with o (e.g.
Iyre). Finally, we denote with ¥, the set of all strategies of M.

For any strategy o € ¥,, and set of finite paths Il C I/, let II'e be the set of
infinite paths of M that are consistent with ¢ and have a prefix in II. When II is a

singleton we call IT'e a cylinder set of M.

We define probability measures over MDPs M without deadlock states. Using the
methods from [26], every w € SUD(S) and ¢ € ¥,, determine a unique probability
measure Pry, ; over infinite paths II3; (w) such that all cylinder sets constructed from
finite paths in 5/, (w) are measurable in Prf; , and for all zero-length paths w’ we have
that Pry; ,({w'}17) = 1if o’ = w and 0 otherwise. Moreover, for every finite path of



non-zero length ' ~ w’ € Iy ,(w) we have:
Priy ,({n" ~w'}l7) =

Prs,, ((n'}17) -o(@)() it €8
Py, ((w')1) - @ (W) if 7 eD(S)
We will use shorthands Pry; ,(7) and Prj, ,(II) to denote the probabilities Pr“]\’mg({w}%)

and Pry (ITT%), respectively, and we omit the subscript M when unambiguous.

Strong probabilistic (bi)simulation We recall the definitions of strong probabilistic
simulation (preorder C , C .# x .#) and strong probabilistic bisimulation (equivalence
relation =, C .# x .#') over MDPs, introduced in [30].

Definition 3 (Strong probabilistic simulation). Let M = <§,f,T, f/> and M = (S,1,T,
L) be MDPs. We say M is a strong probabilistic simulation of M via relation R C SxS,
denoted M Cf, M, if and only if I C R.I and, whenever (3,s) € R, the following

conditions hold:

(i) L(3) = L(s)
(il) T(s) =0 <« T(s)=0
(iii) YA € T(s) Irc € D(T(s)): (T'(s) o Ac, \) € D(R)

We let M C , M iff there exists a relation R C S x S such that M ER/// M.

Condition requires that for every non-deterministic choice A € T'(s) there is a
weight distribution over non-deterministic choices in 7'(3) such that the resulting dis-
tributions simulate each other. The weighted abstract transition is called a combined
transition in [30]. Condition requires that deadlock behaviour is preserved by the

simulation. We define bisimulation in the style of, e.g., [29].

Definition 4 (Strong probabilistic bisimulation). Let M= <5’, I.T, ﬁ> and M = (S,I,T,
L) be MDPs. We say Mis a strong probabilistic bisimulation of M via relation R C S x S,
denoted M E/Z M, iff M Ef// M and M Ef‘/;l M. Let M =, M iff there is a relation
RC S xS with M =% M.

PCTL semantics of MDPs We now formally define what it means for an MDP
M € A to satisfy a PCTL formula ¢ € ®per,. We do this by first defining semantics for
M and then setting M =, ¢ iff M| =, ¢.



Definition 5 (PCTL semantics). Let M = (S,1,7,L) be an MDP, and let ¢ € ®pory,
be a PCTL formula. Let II C 1157 = denote all infinite paths of M starting with a state
in S. We first define a satisfaction relation = C IT x Wy, for path formulae where for

k€ NU{oco} we have 7 = X ¢ iff 7(2) = ¢ and 7 |= (1 USF o) iff:

(Fi<k : (7(20) = d2) & (Vi<i: (7(2)) = ¢1))) -

Clearly, this satisfaction relation is mutually dependent on a satisfaction relation for
PCTL state formulae = C S| X ®pepy, which we define next. First, we define for every
o€ Xy, s€Sand Y € Upep, the shorthand

PROB, (5,1) = Pryy, , {7 €115, ,(s) |7 |= ¥}

denoting the probability of all paths satisfying ¢ that originate from s and are consistent
with o. In the following let s € S, > € {>,>}, <€ {<,<} and p € [0, 1]):

LFEo
sEFEasacL(s)
sE-¢eslEP
SE(¢1V ) & (s ¢ or s | )
sk Pop(t) & eingm {PROB;(s,%)} > p

s Pap(¥) & sup {PROB,(s,¥)}<p

oEXM |

Finally, let M, =, ¢ iff for all s € I we have s |= ¢.

For MDPs we need all four threshold types: P- (1) implies the threshold p is met
under all schedulings, whereas —P< (1) implies there exists such a scheduling.

The semantics is well-defined but non-standard, as L satisfies no PCTL formulae and
the other clauses don’t apply to L. This guarantees that deadlocks, if present, don’t
contribute to the probability of paths sets from any state. In fact, the semantics of

negation yields that our PCTL semantics are consistent and, moreover, two-valued.

3 Abstraction framework

Given an MDP M € .# and PCTL formula ¢ € ®pcr, we wish to decide whether
M =, ¢ or M =, ¢. That is, we wish to either verify or refute the judgement M |=, ¢.
In software verification, however, directly applying such a model check is intractible.
Therefore, we seek a class of models, &/ say, that abstract MDPs and allow for the

sound verification and refutation of PCTL formulae. Inspired by [12], we capture these



requirements for & abstractly. The first requirement is that MDPs are representable in

fo
R1. Domain 7 has an embedding function e? € .# — 4.

We call the elements in e (.#) implementations of <. Abstraction-based verification

requires an abstraction relation in &7, as formalised by the following requirement:
R2. Domain & has a refinement preorder E , C &/ x .

The meaning of A C o Ais that A abstracts A or, equivalently, that A is a refinement
of A. Implementations are typically maximal elements of <7, i.e. they cannot be further
refined. The refinement ordering enables us to associate with each A € & the set of

implementations that refine A:

Definition 6 (Implementations). Let 7 € &/ — P(.#) be defined as Z(A) = {M €
M| AT, e” (M)}

We want to understand how refinement should behave over implementations. As
strong probabilistic bisimulation over MDPs preserves PCTL satisfaction [30] we will
require that the refinement preorder T _,, when restricted to e (.#) x e (), over-

approximates = .

R3. For all M, M’ € ./# we have that M =,, M’ implies e” (M) C_, e (M’).

up to [R3] secure a first meta-property of abstractions:

Lemma 3.1. For any A € &/ the set of implementations Z(A) is a union of equivalence

classes of =,

The refinement preorder C , is used in practice to deduce properties about imple-
mentations. However, we can use function Z (defined through T ) to define the largest

refinement that preserves implementations [6].

Definition 7 (Thorough refinement). The thorough refinement relation is the preorder
C C o x of such that A '8 A iff T(A) C Z(A).

Therefore thorough refinements can only remove, but not add, implementations. The

next meta-property states that £ , soundly under-approximates Eg; in that very sense:

Lemma 3.2. For A, Ae o/, A C ., A implies A Eﬁ; A.



We typically expect thorough refinement to be strictly more precise than the ordinary
refinement preorder, i.e. that there exist A, A € o7 such that Z(A) C Z(A) but A Z, A
For example, this is the case for transition systems and modal transition systems and
their refinement [I].

Property verification and refutation require a PCTL semantics over 7.

R4. The domain & has a satisfaction relation =, C o/ x ®pcry, such that e (M) =, ¢
iff M =, ¢ for all M € ..

The latter part of ensures consistency of the PCTL semantics across these two rep-
resentations of MDPs and implies that PCTL formulae have a two-valued semantics over
embedded implementations. To decide whether M |=, ¢ or M [~, ¢ using abstractions,
refinement =, has to mesh well with the abstract PCTL semantics );Q/:

R5. For any A, A € of we have that A C , A implies that for all ¢ € ®pcry, it holds that
AE,0=>AF, ¢

With finally we have a method of deciding whether M =, ¢ or M -, ¢ by
only considering abstractions. That is, in order to verify the judgement M |=, ¢ it is
sufficient to find some A € & such that M € Z(A) and A |5, ¢. Using and this
yields M =, ¢. Similarly, to refute the judgement M =, ¢ it is sufficient to find some
A € o such that M € Z(A) and A |5, —¢.

As typical in abstraction-based verification, it is possible that both A {5, ¢ and
A}, —¢ hold. In that case we can neither verify nor refute M |=, ¢ and we may have
to refine A. It is also possible that both A |5, ¢ and A |=, —¢ hold but, by and
A has then no implementations.

The abstract satisfaction relation of is the one used in practice but, it has a
more precise version, analogous to the relationship between refinement and thorough

refinement:

Definition 8 (Thorough satisfaction). The thorough satisfaction relation is the relation
):;ih C & X ®perr, such that A ):Qt{h ¢ iff M =, ¢ for all M € I(A).

Thorough satisfaction is the logical dual of generalised model checking in [6]. The

next meta-property shows |=, soundly under-approximates its thorough version ):;%h:
Lemma 3.3. For any A € o and ¢ € ®pory, we have A =, ¢ implies A E 6.

Thorough refinement and thorough satisfaction also constitute a method for verifying
or refuting M =, ¢:



Lemma 3.4. For any A, A € o with A C%% A we have A " ¢ = A P ¢ for all
¢ € Ppory.

The requirements so far allow us to verify and refute M =, ¢ through an abstraction
A. For abstraction-based verification and refutation to be tractible, a minimal require-
ment is that A be finite. This leads to Dams and Namjoshi’s [I1] notion of complete

abstraction frameworks:

R6. For every M € .# and ¢ € ®per, with M |=,, ¢ there is a finite A € o/ such that
M € Z(A) and A £, ¢.

makes it possible, in principle, to verify or refute M |=, ¢ through finite abstrac-
tions. Dams and Namjoshi’s notion of completeness has been investigated for Markov

chains and PCTL in [31]. Finally, we state another suitability requirement:

R7. Deciding |, and T, has relatively low computational complexity, compared to

their thorough versions.

4 Game-based abstraction framework

We now develop stochastic games with two players, 1 and 2, as an instance of the ab-
straction framework of We first introduce stochastic two-player games.

Stochastic two-player games Our stochastic two-player games have two distinct
types of non-deterministic choice (corresponding to the two players). This is in contrast

to the single notion of non-determinism in MDPs.

Definition 9 (Stochastic two-player game). A stochastic two-player game G is a tuple
(S,I,T,L', L"), where: S is a set of states; I C S a non-empty set of initial states;
T € S - PPD(S) a transition function and L', L? € S — P(aP) labelling functions with
L'(s) C L’(s) for each s € S.

L'(s) is the set of atomic propositions that must be true in s, whereas L’(s) are
propositions that may be true in s. Henceforth we will refer to stochastic two-player
games as ‘games’, and let ¢4 be the class of all games. A transition originating from
s € S requires resolving a player 1 (non-deterministic) choice, by choosing a set of
distributions A € T'(s), a player 2 (non-deterministic) choice, by choosing a distribution
A € A and a probabilistic choice according to A. Like MDPs, games can deadlock.

We define a transformation G — G| € 4 — ¢ by adding to G two sink states 1
and Lo. We let 11 and every s € S with T'(s) = () deterministically transition to 1



Figure 1: Game G and an implementation G with G Eg G, for R = {(50, s0), (81, s2),
(83, 82), (82, 83), (82, 81), (82, 54) }.

with probability 1. For player 2 deadlocks we let T'(L2) = {{u1,}} and we replace any
potential player 2 deadlock () € T'(s) with {u,,} € T'(s).

A play of any game G is a sequence of transitions that strictly alternate between
states, sets of distributions, and distributions as described above. We let Ilg, II be the
set of finite and infinite plays of G, and let IIg(w) and II¥ (w) be finite and infinite plays
starting from w (respectively).

In contrast to MDPs, games require two strategies; one for each player. Formally, a
player 1 strategy is a partial function o1 € IIg — DPD(S) such that o1(7) € D(T(7T)).
A player 2 strategy is a partial function oy € Il — DID(S) such that o9(7) € D(7).

A play m is consistent with oy if for every i < |r| — 1 with w(i) € S the probability
o1(7%)(w(i+1)) is positive. Similarly, 7 is consistent with o if o9(7%) (7 (i + 1)) is positive
whenever 7(i) € PD(S). We add the subscript 1,02 to 7 to denote sets of consistent
plays and let Eé and Eé be all player 1 and 2 strategies (respectively). For some o1 € Eé
and o9 € EQG and a set of finite plays II C Ilg 4, o,, We denote with 157 the infinite plays

of GG that are consistent with o1, 09 and that have a prefix in II.

We define probability measures over our games G without deadlocks. Analogous to
that definition for MDPs, every w € S UPD(S) UD(S) and (01, 02) € X}, x £2 determine
a unique probability measure Pr¢; , ., over infinite plays in II&f,  (w) such that for all
zero-length plays Pr¢ , . (W) yields 1 if o' = w and 0 otherwise. Moreover, for every
finite play of non-zero length 7’ ~ w' € Il;, 4,(w) we have:

Pre, o, o, ({n ~w}lel) =
192 e 7
Pré o, o, ({7} 1) - on(@) (W) if«" €5

Pré,ol,ag({wl}Tg?) : 0—2(’”-,)(0}/) if ;; € ]P]D)(S)
Py, o, (o) 7l (W) it 7 € D(S)



We omit the G subscript when unambiguous to do so and use shorthands Pr¢ , ., (7)
and Pr¢. ;. ., (II) to denote Pr‘é}alm({ﬂ}ﬁ%) and Pr¢. ;. . (HTZ%), respectively.

Assumption 1. In figures we depict states of games with open circles, distributions (i.e.
player 2 choices) with filled black circles and sets of distributions (i.e. player 1 choices)
with filled black squares. Labels depict the probability of transitions (omitted for point
distributions). We write a! next to § iff a € L'(3), and write a? next to 5 iff a € L7(3)
and a & L'(5).

Example 1. Consider the game G depicted in (left). Let X € D(S) be the
| .

distribution 3 - 53 + % - 89. As depicted {5\’, Wiy} € T(éo). Example plays in G are:
sAlv {/J/J_z}7 /’[/J_zaL27 {/’(‘J_z}a cee
S0, {5‘/7 N§2}7 5\/7 53, {N§4}> Hays 84, {:ul-1}7 Ky, Ly,

Games as abstractions We now instantiate the embedding, refinement preorder (as
a simulation) and the abstract satisfaction relation of for these games.

The intuition of our simulation is that player 1 non-determinism captures the inde-
terminacy introduced by abstraction and player 2 non-determinism corresponds to the
non-determinism that is present in implementations. Therefore, player 1 has no power in
embedded MDPs:

Definition 10 (R1). Let ¢/ € .# — % be the function which for every MDP M =
(8,I,T,L) yields a game G = (S, I,T, L, L) such that T(s) = {T(s)} for every s € S.

Every state of an embedded MDP G has precisely one corresponding player 1 choice,
and hence E}; contains only a single trivial strategy. Moreover, this means it is impossible
for player 1 deadlocks to occur in embedded MDPs. The implementations ¢ (.#) of 4
are precisely those games G = (5,1, T, L, L") where for every s € S, player 1 has precisely
one choice and the state labels are two-valued, that is |T(s)| = 1 and L'(s) = L"(s) (as,

e.g., in the game in (right)). All other games are abstractions.
We now define how abstractions and implementations are related by strong probabilis-

tic game-simulation:

Definition 11 (R2). Let G = (S, 1,7, L', L") and G = (S, I,T, L', L") be games. We call
G a strong probabilistic game-simulation of G via relation R C S x S, denoted G Eg G,
iff I C R.I and, whenever (8,s) € R, we have:

(i) L'(8) € L'(s)
(ii) L7(3) 2 L7(s)

11
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Figure 2: Games G and G such that G E?}l G but G Z, G. Example based on Fig. 5 of
.

(iii) VA € T(s)3A € T(s): (A=0 < A=) &

(VA e AdXc € D(A): (Ao Ag, \) € D(R))
(iv) VA € T(s)IA € T(s): (A=0) = A=0) &

(VA € A3xg e D(A): (A, AoXe) € D(R))

Let G C,, G iff there is a relation R C S x S with G Eﬁ/{ G. Clearly T is a preorder on
¢ and so [R2lis met.

Condition requires that the ‘abstract game’ G over-approximates the player 2
non-determinism of every player 1 choice of the ‘concrete game’ G. Thus, this condition
corresponds with the ‘must’ modality. Dually, condition requires that the abstract
game under-approximates the player 2 non-determism of every player 1 choice of the

concrete game, corresponding to the ‘may’ modality.

Example 2. For games G and G in we have G Eg” G. To illustrate this,
let A =251+ %50 of G and A = T8+ 3 of G. Let A = {\} € T(sy) and
A={) ,usz} € T(3). To show condition for A observe that (A o Ao, A) € D(R) for
Ao =2 A+ 1., € D).

>/

In our framework [R3] holds:

Proposition 4.1 1) For all M, M’ € .# we have that M =, M’ implies e? (M) Cy
G /
e’ (M.

Instantiating we obtain for each game G the set of MDPs Z(G) that
refine G. As up to are met for games, by meta-property Z(G) is

closed under strong probabilistic simulation.

12



Definition 7|gives rise to the thorough refinement preorder of games (E}}l)
for games, already yields that £, must be a sound under-approximation of E%h. As
perhaps expected, we observe that E%h is strictly more precise than T, (see :

Lemma 4.2. There are G,G € ¢ with G Efé‘ G, G Zy G

Turning now to requirement we define the abstract PCTL semantics |=, C ¢ x
®por. Due to unrestricted negation this requires both under-approximating ():' ) and

over-approximating (=) PCTL semantics.

Definition 12 (PCTL semantics). Let G = (S, I,T, L', L") be a game, and let ¢ € ®pery,
be a PCTL formula. Analogous to MDPs we define PCTL semantics for G, and then

set G =, 0if G| =y ¢

We let II C II¢Y  denote the set of all infinite plays of G| starting with a state in
S. We define two satisfaction relations }:!, ):? C II X Wpeqp, for path formulae where for
M€ {!,?} and k € NU {co} we have 7 =M X ¢ iff 7(3) = ¢ and 7 =V (o1 USF ¢o) iff:

(Gik: (v(30) " é) & (Vj<i = (w(3)) £ 1)) -

These satisfaction relations mutually depend on satisfaction relations for PCTL state
formulae =", =" C S| X ®peyy. First, we define for every M € {!,?}, o1 € Zé‘y o9 € ZQGL,
s € § and ¥ € Vpeqp, the shorthand

PROBy, ,, (5,9) = Pry, ,, {7 € 113, (s) [ 7 =" ¢} .

In the following we let s € S, =l =7 =? =1 pe{> >}, € {<, <} and p € [0,1]):

LiE L 6
Lo ¢ Lo ¢
sEYas ae LY(s) sEY e sE™
sEY (41 V d2) & (s " ¢1 or s F" @)

and

sE Popy(y) & inf  inf

s PROBUI(72 $,1)
O'1€EGJ_ 0262

>p

UlezéL 02622

s Pap() &  inf sup

PROB! )
o1 EEG 0262

171172

A
S

A

s’ Pyy() &  sup inf {PROBUW2 $,1)
R
{

N~ N~ N~ =
v
i

PROB,, )

‘71(72

s Pap() & sup  sup
U1€EG 0262
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{a? | acaP} {u?} @

Figure 3: Three games used to illustrate some points made in the body of the paper.

Finally, let G| |, ¢ iff for all s € I we have s |=' ¢.

These PCTL semantics are consistent for consistent games, i.e. those that have imple-

mentations. The semantics of 11 cannot introduce inconsistencies since player 1 deadlocks

are avoidable in consistent games. This consistency follows from and [Proposition 4.3

below.

Example 3. For the game G with Z(G) = 0 in (right) both G =, P>1(Xa)
and G =y ~P>1(Xa) hold.

To see that the PCTL semantics over embedded MDPs coincides with the MDP
semantics recall that there are no player 1 deadlocks, the proposition labels are two-
valued (L'(s) = L’(s)) and there is exactly one player 1 strategy |S&| = 1. We now

validate [R5 for our framework.

Proposition 4.3 1} For any G, G € ¢ with G C, G we have that G FE,o=>GEy 0
for all ¢ € Ppery.

[Proposition 4.3| shows our notion of refinement soundly preserves PCTL satisfaction.
As explained in this now gives us a method to verify or refute a PCTL property

by looking only at abstractions.

Example 4. Consider the abstraction G and implementation G of We have
that & =y —P>0.25(Xa) and hence by [Proposition 4.3 G =y —P>o0.25(Xa). However,
G is too abstract to verify the judgement G |=, P<g25(Xa) as G 4, P<o.25(Xa) and
Gy ~P<025(Xa).

We note that the reverse implication of [Proposition 4.3| does not hold, as stated by

the following lemma:

Lemma 4.4. There exist G, G € ¢ such that G [Z, G but for all ¢ € Ppery it holds that
Gy d=GFy ¢

Figure 4] gives an example of G and G satisfying the lemma. shows PCTL
does not characterise games up to refinement equivalence. In fact, as the games of
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Figure 4: Games G and G with G iZ, G such that G Fy ¢ G =y ¢ forall ¢ € Ppeyy.
Example due to personal correspondence with R. Segala in relation to [29].

Figure 5: Game G with G =, P>o(ttU gq); no finite abstraction of G satisfies
Pso(tt U q).

are non-bisimilar embedded MDPs, the example also shows PCTL does not characterise

MDPs up to strong probabilistic bisimulation, as already suggested in [29].

Using [Definition 8 we obtain thorough satisfaction for games ( {tgh). Meta-property

for games, ensures that }=, soundly under-approximates ):thh The following
lemma states that this is a strict under-approximation:

Lemma 4.5. There exists G € 4 and ¢ € @por, such that G EL ¢ but G £, .

follows from the fact that any implementation trivially satisfies the PCTL
formula a V —a, but the abstraction depicted in (middle) does not.

The next lemma shows that our game-based abstractions of MDPs are incomplete for
PCTL:

Lemma 4.6 (R6)). There is an MDP M € .# and a PCTL formula ¢ € ®pep, with
M k=, ¢ such that there is no finite game G € 4 with M € Z(G) and G =y 0.

The embedded game in adapted from [I1, Theorem 1] to our setting, proves
Lemma 4.6 This incompleteness relies on the existence of strategies that cannot reach
q!-states. As argued in [I1], fairness or more general acceptance conditions can rule out
such strategies. Based on the structural and operational nature of our games we believe
that the absence of such acceptence conditions is the only reason for our framework to

be incomplete. We note that no complete abstraction framework for MDPs and PCTL
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is known. The incompleteness of three-valued Markov chains as abstractions of Markov
chains has been shown in [31].

Our final requirement [R7] concerns the computational complexity of the various refine-
ment and satisfaction relations. We now corroborate that the computational complexity
of deciding T, and =, is relatively low compared to deciding their thorough counterparts
Eggh and {}h.

Proposition 4.7. Deciding G Ey Gisin P.

The proof of [Proposition 4.7]is based on deciding strong probabilistic simulation of

probabilistic automata [32]. We turn to thorough refinement. Qualitative thorough re-
finement of games asks whether all qualitative implementations (consisting of only point-
distributions) of one game also implement another. In the appendix we prove thorough
refinement of Krikpe modal transition systems [2I] — shown to be PSPACE-hard in [2]
— can be reduced to this problem.

We now discuss the complexity of deciding =,. As for MDPs and PCTL, M =, ¢
can be computed by a bottom-up recursion on ¢ € ®per,. For any Until subformula, e.g.

P~ ,(¢1 U ¢2) under modality 7, we first compute

sup inf {PROBf;m(s, ¢1 U @)}
o1enL, 026X
by solving a naturally derived stochastic parity game and then convert this into a Boolean
judgement by comparing the value against the threshold. Solving stochastic parity games
with rational probabilities is in NP N co-NP [7]. Also, the computational overhead for
processing other types of subformulae is polynomial. Thus deciding =, is in NPNco-NP.

Proposition 4.8. For games G with rational probabilities, deciding G |=, ¢ is in NP N
Cco-NP.

We now demonstrate that thorough satisfaction of games is harder than deciding
satisfiability of PCTL formulae over MDPs which is not known to be decidable. (In [4]
satisfiability of a qualitative fragment of PCTL is shown to be EXPTIME-complete with

respect to Markov chains.)

Proposition 4.9. PCTL satisfiability over MDPs can be reduced to deciding the thor-

ough satisfaction of games.

To see this, game G depicted in (left) is implemented by every MDP — i.e.
Z(G) = .. Hence, the model check G £ —¢ decides whether ¢ is satisfiable.
To summarize, our games satisfy all requirements up to [R7] except for the com-

pleteness property [R6]
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5 Discussion and conclusions

Our games enable sound, abstraction-based verification and refutation of PCTL for-
mulae. In frameworks based on the simulation preorders of [22, [30] refutation doesn’t
come cheaply, as demonstrated in [19]: soundness of probabilistic counter-examples, rep-
resented as finite Markov chains, appeals to properties of the possibly infinitely many
concretisations of that finite Markov chain.

In abstraction-refinement implementations it is common practice to over-approximate
the transition relations of abstractions [3]. In [25], however, costly optimal abstractions
are computed over a partition of an MDP. The work reported here now allows us to
sythesise over-approximating games on that same partition, which can then be succes-
sively refined over this partition in the style of [14].

Let us conclude. We motivated the need for a three-valued framework for the ver-
ification and refutation of PCTL formulae on MDPs, stated requirements for such a
framework, and derived some meta-properties enjoyed by any framework meeting these
requirements. We then instantiated this framework by adapting a notion of stochas-
tic games, developing a simulation order for these adapted games and proving that this
adaptation meets all key requirements — including the requirement that deciding simula-
tion and abstract satisfaction is reasonably efficient. Along the way, we showed that the

simulation logically characterised by PCTL is coarser than our simulation order.

Acknowledgements This work was supported in part by the UK EPSRC grants
EP/D07956X/2 and EP/E028985/1. We also thank R. Segala for his correspondence
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A Proofs for
A.1 Proof of Lemma 3.1

Lemma 3.1, For any A € o/ the set of implementations Z(A) is a union of equivalence

classes of = 2

Proof. Let A € &/, M € Z(A) and let M’ € .# be an arbitrary MDP such that M =, M'.
It is sufficient to prove that M’ € T(A). As M € Z(A), we have A C_, e” (M). By
we have e (M) C_, e (M’). By transitivity of preorders we have A C_, e (M’); hence
M' € I(A). 0

A.2 Proof of Lemma 3.2
For A,Aec o/, A C_, A implies A E$ A.

Proof. Let A, A € o/ be such that A C Aandlet M € .# be an MDP with M € Z(A).
To show A C' A, by it is sufficient to show M € Z(A). By we have
A C,_, e’ (M). By transitivity of C_, (as A C, A) we obtain A C,, e’ (M); hence

M eI(A). O

A.3 Proof of Lemma 3.3l

Lemma 3.3, For any A € & and ¢ € ®per, we have A =, ¢ implies A ):;{h ¢.

Proof. Suppose A |=, ¢, then for all M € Z(A), as A C, e” (M), by it must be
that e (M) =, ¢. By this corresponds to M |=, ¢. Then, because M |=, ¢ for all

M € I(A), by it follows that A £ ¢. O

A.4 Proof of Lemma 3.4l

For any A, A € o with A C'% A we have A = ¢ = A EP ¢ for all
¢) E QPCTL'

Proof. Suppose A ):;(h ¢, then by it must be that M =, ¢ for all M € I(fl) By
we have that Z(A) C Z(A) and hence we have that M =y ¢ for all M € Z(A). By

Do, 4 = o -
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B Proofs for

Given a distribution Ax € D(X) we let SUPP(Ax) be the support of Ax, i.e. the countable
set {z € X | Ax(z) > 0}. We also define the size of games:

Definition 13. Let G = (S,I,T, L', L") be a game. We denote with |G| the size of G,
defined as |G| = ng + mq, where:

- ng = |9], and

- mg = ZSES ZAET(S) (1 =+ ’A’) .

Note that } - o [T(s)] < mg and 3 g > ner(s) [Al < ma. We assume that AP is fixed
and can therefore consider I, L' and L’ as functions that we can query in polynomial

time.

B.1 Proof of |Proposition 4.1|

[Proposition 4.1| (R3)). For all M, M’ € .# we have that M =, M’ implies e’ (M)
9 /
e’ (M’).

Proof. Let M = (S,1,T,L) and M = (S,I,T, L) be two strongly bisimilar MDPs and let
R C S x S be the relation such that M =" M. We will show that e? (M) CRe?(M). To
show this, let e¥ (M) = (S,1,7’,L, L) and ¥ (M) = (S,1,1", L, L) as defined by
Using we immediately satisfy that I C RI. Remaining to show is that for every
(8,s) € R we satisfy all conditions of Condition [(i)] and [(ii)| of are trivially
true as due to the bisimulation we have L(3) = L(s). To show conditions and
hold, recall that 7”(8) = {T'(3)} and T"(s) = {T(s)}. Knowing both have precisely one
player 1 choice greatly simplifies the quantifiers of the game-simulation definition and it
is immediate to see condition of of the game-simulation e? (M) CE e’ (M)
corresponds directly with the conditions and of of the simulation M ;’;[ M.
Analogously, condition |(iv)| of of the simulation e? (M) CE /(M) corresponds
with conditions and @ of [Def. 3| of the simulation M Ef//_ " M. As M E/}/} M yields
M CE® M and M Effgl M both |(iii)| and |(1V)| of |Def. 11| must hold. O

B.2 Proof of [Lemma 4.2
There are G, G € 4 with G Eggh G, G Zy G.

Proof. Consider the two games G = <S’, 1,7, ﬁ!,ﬁ?> and G = (S,I,T,L' L") depicted
in To see that G [Z, G, observe that sy € S (and hence so € S) cannot be
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game-simulated by any state in G. Remaining to show is that G E?}l G. By
it is sufficient to show that for any MDP M = (S',I',T’,L') such that M € Z(G) we
have that M € Z(G). Clearly, the main concern is that any behaviour of M that is
simulated by ss cannot be simulated in G. Potentially this problem may cascade through
the co-algebraic definition of game-simulation. We will show that due to the fact M is
an implementation, this is not true.

Suppose G CE 7 (M) with R C S’ x S. We will construct R C S x S such that
G Eg e?(M). Let us start by taking R = {(4;,5') | (si,s') € R, i # 2}. One problem is
that states s’ € S’ such that (s9,s’) € R may now no longer have a suitable simulation
in G via R.

Consider s’ € S to be any state of M such that (s9,s’) € R and let T'(s") = A’. The
choice A’ is either the empty set or not. If A’ = ) then, considering condition and
|(iv)| of [Definition 11} the presence of player 1 choice ) € T'(s2) is the only requirement for

us to simulate s’ (that is {us, } € T'(s2) does not contribute anything). We add (81, ) to
R. Note that (3, s') satisfies condition and

Suppose A’ is not the emptyset, then we must have that for every N’ € A’ we have
that (us,, \') € D(R) (the presence of () € T'(s2) does not contribute anything). We add
(33,5') to R. Tuple (33,5') satisfies condition and

Although now we have fixed the issue that states s’ € S’ such that (s, s’) € R cannot
be simulated with R, we have not shown the absence of problems in view of the co-
algebraic nature of game-simulations. This follows from the observation that so can only
be reached through choice T'(sg) = {is,, itsy, fss } in G. Hence, remaining to show is that
for any s’ € S” such that (so,s’) € R we have that (3¢, s’) satisfies condition and
of Def. 9 via R.

As T'(so) ‘subsumes’ 7'(3y) condition is trivially satisfied. To satisfy condition
it must be that any X € T"(s') is simulated by a combined transition in {ug,, g, }. We
know that )\ is simulated by a combined transition in {ps,, fts,, ftss }- Clearly, for any
weight attributed to ps, and for any s” € supp(\') such that (ss,s”) € R we have that
cither (3,5") € R or (33,5") € R. We can easily redistribute the weight of s, to s,

and s, to obtain a suitable weight distribution. O

B.3 Proof of |[Proposition 4.3

In this section we will show that strong probabilistic game-refinement (C,) preserves
PCTL satisfaction (|=,). Our proof extends that of [24]. In this paper a game is con-
structed from a partition of the state space of an MDP. It is shown that with the obvious

refinement order on partitions the ‘abstract’ game soundly approximates extremal reach-
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ability probabilities of the ‘concrete’ game. We extend this proof to arbitrary games
related by strong probabilistic game-simulation and to preservation of arbitrary PCTL
formulae.

Our extensions introduce a few changes in the proof. In [24] the two games are
related by means of an abstraction relation that is both right-total, left-total and left-
unique. This means that any play of the ‘concrete’ game maps to a single play of the
‘abstract” game. When considering strong probabilistic game-simulation (in which we
allow arbitrary relations) we lose this correspondence. We will instead assign weights
between ‘plays’ of the concrete and abstract game.

To improve presentation we will sometimes denote tuples of strategies with a single
symbol and we will use the subscripts 1 and 2 to denote the player 1 and player 2
strategies, e.g. & = (61,62) € Eéﬂ X E?JL
Partial plays & Arenas Due to the presence of combined transitions, plays themselves
are too fine-grained for this weight function; there is not always a clear correspondence
between the distributions of the plays. We therefore introduce a new concept called

partial plays:

Definition 14 (Partial plays). Let G = (S,I,T, L', L") be an arbitrary game. A partial
play of G is a strictly alternating sequence of states S and sets of distributions PID(S5)
such that a state s € S with T'(s) # 0 can be followed by A € PD(S) if A € T(s), and
A € PD(S) can be followed by s € S iff there exists A € A such that \(s) > 0.

We denote with Il the set of all finite partial plays. Strategy consistency of partial
plays is defined and denoted analogous to normal plays, as are partial plays starting from
configurations w € S UPD(S).

For (01,02) € £, x £% and set of finite partial plays II C Iy, 5, we let [11] C

01,02)

1153 ,, denote the obvious mapping of finite partial plays onto infinite plays consistent

with o1 and os.
Definition 15 (Arena). Let G = (S,I,T,L', L"), G = (S,I,T,L', L") be games without

deadlocks. An arena of G and G is a tuple (A1, A), where:

AIQS'XS

A2 C PD(8) x PD(S)

such that A; consists of tuples of player 1 configurations and As consists of tuples of

player 2 configurations.
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Let (A1, A2) be an arena, and let 7 € ﬁé and 7 € Il be two partial plays. We call #

and 7 (A1, Ag)-invariant if and only if || = |7| and for every i < || = |7|:

(m(i),7(i)) € (A1 U Ag)

Let
and

(61,02) € Eg X Eé and (01,02) € B x X% be strategy pairs. We call (61,62)
(01,09) (A1, Ag)-invariant if and only if for all finite (A1, Ag)-invariant partial plays

7 € lls, 5, and m € 1,5, 5, the following conditions hold:

(7, 7) € A1 = (61(#), 01(m)) € D(As) (2a)
(7, 7)€ Ao = (& 062(7), T 0 ga(m)) € D(Ay) (2b)

Let 6 € Zé X Ezé and 0 € T5 x X2 be two (A1, Ag)-invariant strategy pairs and
m € Il, and 7 € II; two finite (A1, Ag)-invariant partial plays. We denote with (5é::>> the

weight function witnessing resp. .

Properties of arenas We now show some very useful properties for two deadlock-free
games under the assumption that we have tuples of strategies that are invariant under
an arena.

In this section we fix G = (S’, I,T, IA/!,IT"), G = (S,I,T,L', L") to be deadlock-free
games and (A, Ap) to be an arena of G’ and G. We first explore the relation between the
partial plays of G and G.

Definition 16 (Weight). Let o € I}, x X% and 6 € Zlé X 22@ be two (A1, Ag)-invariant
strategy pairs. We define a weight function w9 € ﬁé X ﬁG — [0, 1] as follows:

WZ (,m) =
125t 6(2:7) (r(i41), 7 (i+1))  if (A1, As)-invariant
0 otherwise.

Intuitively, the weight W2 (#,7) is the amount of ‘probability mass’ of # and 7 that

the plays have attributed to simulating each other under ¢ and o.

Lemma B.1. Let 6 € Elé X EQG and o € X} x T2 be two (A1, Ag)-invariant strategy
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pairs, then, for any (&,w) € (A1 U Ag):

Vrell,(w): Y. Wi 7) =Pri(n],) (3a)
#El 5 (@)

Viells(@): Y. Wi 7) =Pr([#]s) (3b)
nellg(w)

Vi € llg(w) \ I, (w) Z wo(f,m) =0 (3c)
#EM g (@)

Vi e Me(@)\Ia(@) 1 Y wi(a,7m) = (3d)
ﬂeﬁc(w)

Proof. Let us first proof . Clearly, any play m € Ilg(s) that is inconsistent with o
has to be of non-zero length and has to make a move that is inconsistent with o; there

are two types of inconsistent transitions:

— The first type of an inconsistent transition occurs when for some i < ||, we have
7(i) € S and 7(i + 1) € T(w(3)) but oy (7)) (r(i + 1)) = 0. Due to (1b]), the weight

function 5<<Zfzi>(ﬁ(i +1),7(i + 1)) will always yield 0 for any 7.

— The second type of inconsistency occurs when if some i < ||, we have 7(i) € PD(.S)
and (i + 1) € S such that for some A € 7(i) we have A(w(i + 1)) > 0, but for no
such A we have that o2(7%)(\) > 0 and hence (7(i) o o2(7%))(7(i + 1)) = 0 and, by
, the weight function 5<<frf)- (w(i+1),7(i + 1)) will always yield 0 for any 7.

77T7/>

Hence, inconsistent partial plays do not contribute anything to the the sum of . The
proof of follows from symmetry.

From and we learn that W2 (7, ) can only be non-zero when 7 is consistent
with o and 7 is consistent with 6. Hence, we can reduce the sum in and to
plays consistent with ¢ and & at will, which we will use implicitly in the following proofs.

We will proof by induction on the length of partial plays under consideration.
Note that the base case, partial plays of length 0, trivially satisfy . Suppose
holds for all partial plays of size i. We will prove also holds for plays of size ¢ + 1.
Let 7’ € ﬁa(s) be an arbitrary partial play of length ¢ + 1 consistent with o. We split

the proof into the following cases cases: 7'(i) € S, and 7/(i) € PD(S).
First suppose 7/(7) € S, then by definition 7’ is of the form m ~ A, for some 7 € 11, (w)
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of length i such that @ € S and some non-empty A € PD(S) with oy (m)(A) > 0.

Pry([m ~Aly) =
a1(m)(A) - Pro([n]s) =

> (Wi ai(m)() = (Ind. )
welly(w)

3 (Wg(ﬁm). > 55?:;(/&,/\)) (Eq. 1b)
FEM (@) Ae(PD($))

£ (5, b sz
#€Mls(@) \AecPD(S)

S wWir~AFAR) = (Def. T6)
frAAEH@(‘Z’)

Now, suppose 7'(i) € PD(S), then by definition 7’ is of the form 7 ~ s, for some 7 € IL,(w)
of length 4 such that 7 € PD(S) and some s € S such that (7 o o2(7))(s) > 0.

Prs ([ ~ sl,) =

(e

> (Z (Wi(ﬁ,w)-égijji(é,s))) -

#ela(@) \3eS
S Wilrmsiad)= (DeLT5)
Frselly (@)

The proof for follows symmetrically. O

Under a pair of strategies 6 € Zé X Zé we call a set of partial finite plays P C ﬁa(é)
disjoint iff for every m, 7’ € P we have that [r]s N [7']; = 0.

Informally, this means we can compute the probability of Pr$([P];) by means of the
sum Y, cp Pré ([pls)-

We now show how arenas relate probabilities of certain disjoint sets of partial plays:
Proposition B.2. Let 6 € Eé X Ezé and o € Eg X Z‘zG be two (A1, Ag)-invariant strategy
pairs, let (&,w) € (A1 U Ag) and let OYLy, CYL, C I5(@) and OYLg, CYLG C Ilp(w) be
disjoint sets of finite partial plays such that if for arbitrary (A1, Ag)-invariant & € Il, (@)
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and 7 € II,(w) we have

(7 € cyYLy) = (Ji < |n]: 7' € cvLy) (4a)

(3i < |#&]: 7" € oYL)) < (7 € CYLG) (4b)

then, the following inequalities hold

Proof. We extend the notion of disjointness to sets of tuples of (A, Ag)-invariant partial
plays. We call such a P C II;(8) x I, (s) disjoint if for every (&, ), (', 7'} € P we have
that either m and 7’ are disjoint or 7 and 7’ are disjoint.

For a disjoint set of tuples of (A, Ag)-invariant partial plays P and and (A, Ag)-
invariant partial play (7', 7’) such that for every (#,7) € P we have (77| #I7'l) = (7' 7')
then by

> wir,m) < Wi, 7).
(7, myeP

Now, for some 7 € CYL’G let MG (7) denote partial plays 7 € Il (w) such that # and

7 are (A1, Ag)-invariant. Let P = {{(7,7) | 7 € CYL!GJT € IMGg(7)}. By construction P
is disjoint.

Similarly, for some ' € CYL; let IMG;(n') denote plays 7’ € Il (@) such that #’ and
7/ are (A1, Ag)-invariant.

Observe that for each (w,7) € P, we have 7 € CYL!é and 7 and 7 are (A1, Ag)-
invariant. Hence, by , we infer that for some i < |7| we have ' € cyL,. Also we
know that #% is (A1, Ag)-invariant with 7*,

We can rephrase the last paragraph as follows: for each (7, 7) € P there exist ' €
CYL{; and 7’ € IMG(7') such that (#FF 7lm 'y = (7! 7.

This yields the following inequality:

Z Z wo (7, m) < Z Z w (7, ) (4e)

frECYL!G TEIMCG (7) TECYLY, TEMG g ()
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We are now in a position to prove inequality :

Pr¥ CYL Z Pre (Disjoint)
7T€CYL
Y. > Wi (Eq-35)
frecyu. mEll, (w)
Z Z Wi_'(fr,ﬂ') (Def. IMGg)
TI'EC‘YL TEIMGq (7
<> > wi(fr,w) (Eq49)
TECYLY, TEIMG4(T)
Y Wi (Def. MG )
mecyLy, TE€Ils (D)
> Pri((nlo) [Eq. 3a)
TECYLY
= Pr¢([cvLy],) (Disjoint )
The proof of follows symmetrically. O

Arenas and game-simulation Let G = <.§, I,T, ﬁ!,ﬁ?), G =(S,I,T,L',L") be arbi-
trary games and let R C S x S be such that G Eg G.

The results in the previous sections hold for deadlock-free games only. Fortunately,
however, PCTL semantics of G and G are defined over deadlock-free G| = <§ LT, I:'J_, ﬁl)
and G = (Sy,I, Ty, L' ,L7). Let Ry C S) xS, besuchthat (3,s) € Ry iff (3,s) € R,
s= 1y or(8s)=(Llg, Lo).

We can now show that the conditions of are precisely what we need to

construct the following arenas:

— Let Hy C PD(S 1) x PD(S1) be a relation such that (A, A) € H sy if and only if
for every A € A there exists a weight distribution A € D(A) such that (A o Ag, \) €
D(RL).

— We let Hy) C PD(S1) x PD(S1) be a relation such that (A,A) € Hyy if and
only if for every A € A there exists a weight distribution A¢ € D(A) such that
(A AoAg) e D(RL).

Clearly, Hj) has a direct correspondence to condition [(iii)| of [Def. 11, The arena

(R, Hjy) will be used to show Next and Until formulae are preserved under the modal-
ity “I”. In contrast, (R, Hjy)) corresponds to condition of [Def. 11| and will used to

show Next and Until formulae are preserved under the modality “?”. For this, we need
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to link the notions of arenas (R, H(jj)) and (R, H(;y)) with the existence of invariant
strategy pairs:

1 2 : A 1 2
Lemma B.3. For every (01,02) € ¥ X X¢  there exists (51,02) € EG,L X EGL such

that (61,62) and (01, 09) are (R, Hj;))-invariant.

Proof. We will show that for any (o1, 02) we can always define (61, 62) in such a way that
and are satisfied. To show this for consider that whenever (7, ?} e Ry,
by the deadlock-freeness of G and G, condition yields that for any every A € T, (7)
there exists A € T J_(?) such that (A, A) € Hpy. It follows that for any distribution
o1() € D(T (7)) we can construct a distribution over A € TJ_(?) such that (\, o (7)) €
D(H ). If we take 61(7) to be A we obtain (61(7),01(7)) € D(H 33 )-

Remaining to show is that is also satisfied. Note that (?,7) € Hgyy. As
we are only considering partial plays of G, and G we can safely assume neither play
ends in (). Hence, by the definition of H ), for every A € T there exists a weight
distribution Ac € D(?) such that <? o Ao, A) =€ D(R, ). From this it follows that for
any distribution oo(m) € D(7) there exists a weight distribution 5\’0 € ]D)(?) such that
<? o 5\’0, T oog(m)) € D(RL). If we take 62(7) to be 5\’0 then is satisfied, meaning

that (61,52) and (01, 09) are (R, Hjj))-invariant. O

Lemma B.4. For every o1 € EIGL there exists a 61 € Eé , and, independently, for
4
every Gy € ZZG there exists a o9 € Eél such that (o1,02) and (61, G2) are (R, Hy))-
£

invariant.

Proof. Proof analogous to other than that condition |(iv)| of [Definition 11|is
used instead of condition and the ordering is swapped for the proof of (matching

condition |(iv))). O

Preservation of PCTL We are now finally in a position to prove [Proposition 4.3|

which we first recall:

Proposition For any G,G € 4 with G C, G we have that G =y ¢ = G =y ¢ for
all ¢ € ¢PCTL‘

Proof. Suppose G CZ G. Tt is sufficient to show that if G =y ¢ then G| =, ¢. Let
G| = <SJ_,IJ_,TJ_,L!J_,L3_> and let G| = <SJ_,IJ_, TJ_,L!J_,L3_>.

Considering that I C R.T it is sufficient to show that (3,s) € R implies that s |='
¢ < 5" ¢ for arbitrary ¢ € ®per. We do this by structural induction on ¢ with the
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induction hypothesis that for all ¢ € ®Ppery, (8, 5) € R:
sE ¢ « 3¢ (5a)
sE'¢ = 3¢ (5b)

The base cases, in which ¢ € AP, follows immediately from and of [Definition 11
For negation —¢ we have (using [Definition 12| and , ):

sE pesiE o oo sE ¢
sE pesE o= 5FE 9o iE -9
For disjunction ¢1 V ¢2 we have (using [Definition 12| and (5a)), (5b)):

SE'GIVo e BE grorsE @)=
(s ¢1ors = ¢1) & s E o1V ey

and:

sE ¢1Vor e (sE ¢rorsk ¢1) =
BE ¢prors =" ¢1) @5 ¢1V o

Remaining to show is that the induction hypothesis holds for the probabilitic operator.

From the PCTL semantics (Definition 12)) it is easy to see that the implications are
satisfied if and only if for every PCTL path formula ¢ € Wper, the following inequations

hold:

Jnf {ProB,,;,(52) } < inf {PROBY,,,(s:0)} (5¢)
supint inf {PROBWQ } > sup inf {PROBam( ﬂ/’)} (5d)
inf sup PROB}, 5 (3 } < infsup {PROBMQ( ,w} (5e)

sup {ProvL,2, (300} = sup {PrOB], (3} (5¢)

In order to prove these inequalities indeed hold, we characterise the sets of plays being
measured as a set of finite disjoint partial plays. For G| we define for every s € S,
strategy pair o € EEL x N2 R PCTL formulae ¢1,¢a C Pporr, modality M € {!, 7} and
bound k € NU {oo} the following sets of finite partial plays:

— XM (s, ¢1) C I, (s) such that 7 € XY (s, ¢1) iff |7| = 2 and 7(2) =M ¢;.
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— UM (s, k, ¢1,02) C ﬁg(s) such that m € UY (s, k, ¢1, ¢2) iff there exists i < k such that
|| = 2i and 7(2) EM ¢2 and for all j < i we have 7(25) M ¢1 and 7(2j) FEM ¢o.

Note that these sets are disjoint by construction. Also note that it is easily verifiable that
for all 7 € II2°(s)

TEMX¢ e me Xy (s 9)s
T EY (31U ¢o) & m € [U] (s, k, b1, 02)]o

Hence, it is possible to rewrite , , and using the disjoint sets of finite
partial plays, e.g. :

PROB, (5, X ¢) = Pr3([x5 (5,)]5)
Now, consider an arena (R, As) and (R , Ag)-invariant strategy pairs 6 € Elé X 22@ and

o € B} x ¥2%. Then, using the induction hypothesis and R, for arbitrary (R, As)-
invariant partial plays 7 € I15(8) and 7 € II,(s) we have

Ji<|x|: 7t € X, (s, 0))

Ji<|n| : 7' € XL (3, 9))

Ji<|n| : 7t € Ul (s,k, b1, d2))
(3,

k d)la ¢2))

i

o
?
I

Ji<|n| : 7% € U}

15) (Rewriting)

o) (Hd)
= PROB! (s, X ¢) (Rewriting)

g
=7
e
o
>~
&
| Il
w
-
Q®
<
q= o=
=
S

Analogously we also obtain (using also (4dJ)):

PROB (3, X ¢) > PROB. (s, X $)
PROBS (8, ¢1 UK ¢p) < PROB. (s, ¢1 U o)
PROBZ (3, 1 U= ¢2) > PROB, (s, 61 U= ¢2)

Now recall shows that for arbitrary o € El X Z% there exists a correspond-
ing strategy pair ¢ € 22 X Z‘l such that & and o are (R, Hj))-invariant, yielding

that the inequality of (5¢ and . must be preserved for both Next and Until formulae.
Analogously, 4f shows that for arbitrary o1 € EGL there exists a strategy
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01 € Eg such that for every strategy &9 € EQG there exists a strategy oo € Z%L such
1

1
that (61,62) and (o1,09) are (R, Hy))-invariant. Hence yields that the
inequalities of and must be preserved for both Next and Until formulae. O

B.4 Proof of [Lemma 4.4

Lemma There exists G, G € ¢ such that for all ¢ € Ppery, it holds that G Fy 0=
Gy, ¢ but G Z, G.

Proof. We will show that the two games in satisfying the lemma. Let G =
<§,f,T,f/!,f/?> and G = (S,I,T,L',L"). Let us define \j = g5, Ay = % - 83 + % - 89
and A\, = % - 81 + % - 89, and let 5\1,5\T be the corresponding distributions in C’, e.g.
T(s0) = {{\, Am, A} and T'(50) = {{\, \,}}. We have that G [Z, G as no combined
transition of 7(3y) can simulate .

It is sufficient to show that G| and G satisfy the same PCTL state formulae in
each state (assuming the obvious mapping between states of G 1 and G and excluding
14, 19). We will prove this by structural induction over PCTL state formulae. More
formally, our induction hypothesis is that for all ¢ € ®perr, § € S and M € {!,7} we have
that §; =M ¢ in Gy iff s; =M ¢ in G

The base cases of our inductive argument are the PCTL formulae consisting of a single
atomic proposition a € AP. Let 3; € S and M € {,?}. As L"(8;) = L"(s;) we have that
S ):M a iff s; ):M a.

Let us now consider negation —¢. Clearly, for any §; € S and M € {1,?} we have
3; EM —¢ if and only if §; ™ ¢. Similarly, we have §; EM —¢ iff s; ™ ¢. By
the induction hypothesis the satisfaction of ¢ coincides for §; and s;. Hence, negation
preserves the induction hypothesis.

Let us now consider disjunction ¢1 V ¢o. Clearly, for any & € S and M € {1,?7} we
have §; EM ¢1 V ¢9 if and only if (§; EM ¢1 or §; EM ¢2) and s; EM ¢1 V ¢9 if and only
if (s; EM ¢1 or s; EM ¢2). By the induction hypothesis, satisfaction of both ¢; and ¢
coincide for §; and s;, therefore disjunction preserves the induction hypothesis.

Finally, consider PCTL formulae of the form Pyp(1), where > € {<,<,>,>}, p €
[0,1] and ¥ € Upory.

We first observe that under any pair of strategies the states in S\ {50} and S\ {so}
will lead to Lo, in which no formula is satisfied. Satisfaction of Puq,(¢) in these states
therefore only depends on the state labelling and the modality. As both are the same for
G and G, we trivially have that for all 3; € S\ {30} and M € {!, 7} we have §; =™ Puo, (1))

iff s; EM Puqp(?0). The remaining case concerns only satisfaction of the formulae of the
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form Puqp(1)) in 8o and so.
Our second observation is that, due to the absence of player 1 choice, there is only a
single player 1 strategy in both games, denoted &, € E and o9 € El . Therefore, to

show that 59 =M Puqp () iff s9 =M Pugp(9) it is sufﬁment to show that for any ¥ € Ypery,
M e {!,7}:

inf {PROBY ;,(30,%)} = inf {PROB} ,,(s0,%)}

&262% 0’262?;
G

sup {PROBUlgz(so,w)}: sup {PROBUIU2(50,¢)}.
J2€Z2J_ 0'262

Clearly, every player 2 strategy of G, has a corresponding strategy in G, . By the
induction hypothesis and the semantics of v, for any player 2 strategy &9 € EQG of G the
corresponding strategy oo € EQG yields

PROBUIUQ(SO, ) = PROBUIUZ(SO, (N

Therefore, we have

_inf  {PROB,;,(30,%)} > inf {PROBY,,(s0,9)}
0262% 02€X G

sup {PROBUI(72 80,0 }< sup {PROBgm(so,z/))}.

2
0262 UgEZGJ_

Conversely, player 2 strategies of g2 € EQGL of G may not have a corresponding strat-

egy in G.. As we are only concerned with the player 2 choices based on finite plays
from sg, the strategy oo has no corresponding strategy in G, precisely when the A\,
has a positive probability on the trivial path @ = so, {\i, Am, Ar} € 1IF (s0), e.g. we
have that oa(m)(A\y) > 0. However, we will show this does not affect the infimum and
supremum above, as there are always strategies o, o5 € E?}L such that ab(m)(\p) = 0
and a5(7)(Am) = 0 and which yield a lower respectively higher probability:

PROBU o (s0,¥) < PROBUNQ(SO,LZ))

PROBgzaz(So,w) > PROBY} ,, (50,%)

Clearly, 0!2 and 0'!1 do have corresponding strategies in G and hence the infimum and
supremum must be conserved, remaining to show is that such strategies can be con-
structed.

We construct o5 and o depending on ¢ and modality M. Note that the semantics of
a path formula only considers the states of a play, and not the sets of distributions and

distributions in between states. As any infinite play from sy runs through sq, ss or s3 we
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1) AL A | AL Ay
S1 Al Al Ar
52 Al Ar
S3 Ar Al
51, 82 Al Ar
51,83 Ar Al
S92, 83 AL AR | N
51,82,83 | A, Ar | A, A

Table 1: Redistribution of A,,’s probability according to SIIZ[.

can characterise the set of infinite plays that satisfy ¢ under modality M by means of a
set S;}f C {s1,s2,83}.

With this knowledge we can modify o9’s strategy on input 7 using table to
obtain the strategies 0!2 and a; that satisfy the requirements. More specifically, we pick a
A\ according to (in the row of S)! and the column of o). We let oy () () = 0,
oh(m)X) = o3 () (V) + 02(7) (Am) and o (m) (A A\ IV = 02 (m) (A A\ XD, We
construct o; similarly from It is easy to see that with this construction o and
a; yield a smaller and greater probability to satisfy ¢ under M, respectively. As these
strategies do have a corresponding strategy in G| the infimum and supremum above are
not affected by 2. This means that §9 =" Pup(y) iff so " Pup(tp) and hence our
induction hypothesis is preserved by the probabilistic operator. O

B.5 Proof of [Lemma 4.6

ILemma 4.6[ (R6]). There is an MDP M € .# and PCTL formula ¢ € ®pcqy, such that
M =,/ ¢ and there is no finite game G € 4 such that M € Z(G) and G =y ¢

Proof. We extend the proof of [11, Theorem 1]. Consider an MDP M = (S, I, T, L) where
S={(m,n) e NxN|m <n-+1}and I = {0} x N. For every n € N we have transitions
of the form T((0,n)) = {am} T(LR) = {samb - T((17) = {gnsam} In
addition, for every n € N we label L((n + 1,n)) = {¢} and for every m < n we label
L({m,n)) = 0. Clearly M =, P~o(tt U q).

We will show there does not exists a finite game G = (S, 1,7, I:!,I:?) such that

G by Pso(ttUg) and G Cff € (M) for some R C S x S. From [Definition 12 this

amounts to showing that for any such game G and § € I we have that

inf  inf {PROBgl 5 (5,88 U q)} ~0. (6a)

61€XL 62632
1 GJ_ 2 G’J_
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Informally, we need to show that for any such G and § € I there exists a strategy pair

under which the probability of reaching a state in which ¢ must hold is 0. That is, such
strategies must loop forever in non ¢!-states. We now construct such a strategy pair
(61,09) € Zlé X ZQG inductively over the lengths of plays & € Il5, 4,(3), such that for all
# where % € § we have that <?, (I,k)) € R for some | < k. Under such a strategy pair,
as L((l,k)) =0, by and [12) we must have that 7 ' ¢ for any # consistent
with 1 and 62, meaning that must hold.

Let k denote |S]. Because |I] is finite and |I| is infinite, due to the condition that
I C R.I, there must exist some § € I such that R.§ contains infinitely many initial states.
Hence, we must have that (0, k) € R.5 for some k > |S].

First suppose 7 has length 0 and hence 7 = §. As (5,(0,k)) € R, by
it must be that there exists a A € T'(3) such that for some Ac € D(A) we have that
<Ao 5‘07”<1,k>>' As the right-hand distribution is a point distribution, we have that
any A € supp(\¢) also satisfies <5\,,u<1’k>> € D(R). We therefore let 61(5) = pj; and
Go(5,A) = 1 - _()jlearly, with these strategies, all (g1, (}2>—consistint plays 7 of length 3
are such that (7, (1,k)) € R, but it may also be the case that (7, (0,k)) € R, in which
case we already have a loop.

Now suppose 7 is of length 3¢ for some i € N. We take the smallest [ € N such that
<¥, (I,k)) € R and can again choose 1 and oy such that all plays 7 of length 3(i + 1)
satisfy that (?, (l+1,k)) € R. To show the invariant is preserved, we need to argue
that we always have that [ + 1 < k. First note that for plays of length 3¢, we have
that the minimum [ that satisfies (;, (I,k)) € R is at most i, as we always have that
<¥, (i,k)) € R. Therefore, the only problematic case occurs with plays of length 3k.
However, we will show that in this case the minimum such [ is not equal to k. In a play
7 of length 3k we must have k + 1 > |S’ | states. Clearly, 7 must contain a cycle, e.g.

7(3k) = (3x) for some x < k. Hence, | <z < k. O

B.6 Proof of |[Proposition 4.7

We will construct a procedure that decides =, in polynomial time. This procedure is
based on a decision procedure for strong probabilistic simulation on probabilistic au-
tomata [32].

As basic building block of deciding strong probabilistic game-refinement we use a
decision procedure MATCHP2x y (Ax, Ay, R), parameterised by sets X and Y which,
given a distribution Ax € D(X) over X, a non-empty set of distributions Ay € PD(Y") over
Y and a relation R C X x Y returns true iff there exists a weight function A\¢c € D(Ay)
such that (Ax,Ay o A¢) € D(R). An implementation of such a procedure is given in
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[32, Section 4.4.1]. We refer to the pseudo-code below. This implementation runs in
polynomial time using a reduction to a linear programming problem; other than this, no
bound on the worst-case run-time complexity is provided. We will assume that in the
worst case the procedure MATCHP2x y (Ax, Ay, R) runs in O(fp1(| X[, Y], |Ay])) time,
where fpj is polynomial in terms of | X|, |Y| and |Ay| (we ignore the other inputs because
|supP(Ax)| is bounded by O(|X|) and |R| is bounded by O(|X|- [Y])).

Consider the procedure MATHP1x y (Ax, Ay, R) specified above, which takes as input
two potentially empty sets of distributions Ax € PD(X) and Ay € PD(Y) and a relation
R C X xY. Given the specification of MATHP2x y the procedure MATHP1x y (Ax, Ay, R)
returns true if and only if Ax = 0 = Ay = () and for all Ax € Ax there exists a weight
function A\¢ € D(Ay) such that (Ax, Ay o A¢) € D(R). Clearly, in the worst-case we call
MATHP2x )y for each Ax € Ax, which means the run-time of MATHP1x y (Ax, Ay, R)
is bounded by O([Ax| - fei(|X], [Y], |Ay])).

We are now in a position to provide a procedure to decide strong probabilistic game-
simulation, denoted DECIDEDl(@, G), shown in the pseudo-code below. We first prove

the correctness of this procedure:

Proposition B.5. For two G,G € ¢ we have G C, G if and only if DrecIDED1(G, G)

returns true.

Proof. Let G = (S’j,f’, ﬁ!,ﬁ?> and G = (S,I,T, L', L") be two games. We write G j;;} G
iff I C A.J implies G C# G, that is, if with R” the conditions and of
hold for G and G, and hence G is a strong probabilistic game-simulation of
G with A iff I C AT

We first show that, by construction, whenever the algorithm returns true we have

that G C, G. To show this, it is sufficient to show that whenever the algorithm reaches
line [19| it must be that G jg} G.

Procedure 1 MaTcHP1x )y (Ax, Ay, R)
1: if (AX = @) then

2. return (Ay =10)

3: else

4: for all (A\x € Ax) do

5: if (ﬁMATCHPQX,Y(Ax, Ax, R)) then
6: return false

7 end if

8: end for

9: return true

10: end if
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Conditions and trivially hold at line due the initialisation in line For
every (8,s) € R, conditions and must also hold when line is reached, be-
cause for R = R’ to be true, for every A € T(s) there must be some A € T(3) such
that MATCHPlS’S(A,[\, R™1) (line and there must be some A € T(§) such that
MATCHPIL@’S(JA\,A, R) (line . When considering the definition of MATCHP1, this
spells out precisely conditions and

Therefore, it must be that at line [19] we have G jg G and, due to the expression of
line we have that G Cy G if the algorithm returns true.

Remaining to show is that the algorithm always returns true whenever G Ey G.
We let RM*X C S x S be the relation such that (3,s) € RM*X iff there exists a relation
B C S x S such that G <Z G and (3, s) € B. We will show that R O RM** is an invariant
of the main loop of the algorithm. Line [3| ensures R O RM** prior to the start of the
loop because for any tuple (§,s) € R we also have, due to conditions and that
(3,s) & RVAX,

To show the inductive invariant is preserved, we need to show that, if (s, s) € RM*¥,
then (3, s) is not removed from R’ in line[14] Recall that if (3,s) € RM*X then there exists
some B C S x S such that G j{g G and (s, s) € B. In the algorithm this corresponds to

Procedure 2 DECIDED1(G, G)
(S, 1,7, L' L") — @&
2 (S, I,T,L',L") — G A
8 R, R {(8,s)|L'(3) C L'(s) AL(3) 2 L*(s)}

4: repeat

5: R~ R

6: for all (3,s) € R do

7: for all A € T'(s) do

8: c3,c4 — false

9: for all A € T(3) do

10: c3 — c3V MarcHP1g (A, A, R™1)
11: cd — c4V MatcuP1g o(A, A, R)
12: end for

13: if (-¢3V —cd) then

14: R — R'\ {(5,s)}

15: end if

16: end for

17: end for

18: until (' =R)
19: return (I C R.I)
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the idea that for every A € T'(s) there exists a A € T'() such that MATcHP1 ¢ é(A,A,B_l)

holds. Similarly, there exists a A € T'(8) such that MaTcHP1 4 S(A,A,B) holds.
By definition of R™#* we have that B C R™#*. Also, by the inductive invariant, we
have R™® C R; hence BC R, B! C R~!, D(B) C D(R), D(B~!) C D(R™!) and

MATCHP1g ¢(A,A,B™!) = MaTcHP1g o(AA,R™")
MarcuPlg o(AA,B) = MaTcHP14 o(A,A,R)

Therefore we know that when considering (3, s), we never remove (8, s) from R’ in line
because ¢3 and ¢4 must be true for all A € T'(s). Hence the invariant is preserved.

Now, suppose there exists some A C S x § such that G Eg;} G, we will show the
algorithm returns true. Considering that R and R’ become strictly smaller with each
loop iteration, the procedure must eventually reach line By definition of RM**  as
G E? G (and hence G jé G), we must have that A C RM**. By the inductive invariant
of the loop, we have that when we reach line [19| RM** C R, and hence A C R. AsI C Al
and A C R, we must have that I C R.I. Hence, the algorithm returns true. O

We are now in a position to prove [Proposition 4.7, which we now recall:
Proposition Deciding G Ey Gisin P.

Proof. By |Proposition B.5| it is sufficient to show DECIDEDl(G, G) runs in polynomial

time with respect to the size of the games.

R and R’ become strictly smaller with each loop iteration, hence the procedure must
reach line [19|in O(ng - ng) iterations. The number of times lines [10{ and [11f are executed
in each loop iteration is bounded by O(mg - mg). Finally, the execution of lines [10{ and
is bounded by O(mg - fr1(na,ng, me) +me - fri(ng, na, ma))- O

B.7 Proof of KMTS reduction

We will prove that deciding qualitative thorough refinement of games is at least as hard
as deciding thorough refinement of Kripke modal transition systems (KMTSs) [21].

We call an MDP M € # qualitative iff every distribution that occurs in this MDP
is a point distribution. A MDP that is not qualitative is called quantitative. We let
79 : 4 — P(#) be a function yielding all qualitative implementations of a game, e.g.
for every G € ¢4 we have Z4G) = {M ¢ .# | G Cy ¢/(M), M is qualitative}. The
qualitative thorough refinement order Eé}l C ¢4 x ¢ is such that for two games G, G € ¢
we have G E%l G iff 79(G) € Z9(G). We will show that deciding whether two games are
qualitative thorough refinements is at least as hard as deciding thorough refinement of
KMTSs.
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In order to show this we first introduce Kripke structures, the implementations of
KMTSs, and then proceed to formally introduce KMTSs and their refinement preorder.
Then we will provide an embedding from KMTSs to games and show qualitative thorough

refinement of embedded KMTSs corresponds to thorough refinement.

Definition 17 (Kripke structure). A Kripke structure is a tuple (S,I,T, L) where: S
is a set of states; I C S is a non-empty set of initial states; T' C S x S is a transition

relation, and L € S — P(AP) is a labelling function.

We denote with & the set of all Kripke structures. The three-valued abstractions
of Kripke structures are Kripke modal transition systems (KMTSs), which have two

transition relations:

Definition 18 (Kripke modal transition system). A Kripke modal transition system
(KMTS) is a tuple K = (S, I,T",T?, L', L"): S is a set of states; I C S is a non-empty
set of initial states; 7', 7" C S x S are transition relations such that 7" C T?, and
L',L’ € S — P(aP) are labelling functions such that, for every s € S, we have that
L'(s) C L’(s). The size |K| of the KMTS is the sum |S| + |T* UT"|. We denote with .#"
the set of all KMTSs.

We now recall the refinement preorder of KMTSs:

Definition 19. Let K = (S,1,7", 77, L', L") and K = (S,I,T",T°, L', L") be KMTSs.
We say K is a simulation of K via relation R - S x S, denoted K QZ} K,iff I C R.I

and, whenever (3, s) € R, the following conditions hold:
(i) L(3) € L'(s)
(i) L7(8) 2 L'(s)
(i) V(3,8) e T" I(s,s') e T' : (§',5') € R.
(iv) V(s,s') e T? 3(3,8) e T" : (#,5') € R.

We let C ,, € X be the relation such that K C , K iff there is a relation R C SxS
with K CF K.

Finally, we define the embedding of Kripke structures as KMTSs:

Definition 20 (Kripke to KMTS). Let e € & — % be the embedding function which,
for every Kripke structure (S, I, T, L), yields the KMTS (S,I,T,T, L, L).
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Clearly any KMTS such that L' = L” and T"' = T” is an embedding of some Kripke
structure. Akin to the embedding function in combination with the preorder
give rise to an implementation function Z € J# — P(Z?) yielding all Kripke structures
that refine a given KMTS. In addition, akin to we obtain a thorough refine-
ment preorder Et}}.

Now we have introduced KMTSs and the thorough refinement relation over KMTSs,
we will now provide an embedding of KMTSs into games and show that deciding quali-

tative thorough refinement Q;}l over such embeddings corresponds to deciding Qg}g/.

Definition 21 (KMTS to games). Let €%, € # — ¢ be the embedding function which,
for every KMTS (S,I,T',T°,L' L"), yields the game (S,I,T,L' L’) where for every
s€S:

T(s) = {{ns | &' € T's} U {{ns | ' € T".5}} . (7)

This embedding function is polynomial in both space and time. In order to show this
embedding allows us to decide thorough refinement of KMTSs through games, we first

proof some smaller lemmas:

Lemma B.6. The embedding efg preserves implementations. That is, for any Kripke
structure P € & there exists an MDP M € . such that e/ (M) = %, (e” (P)).

Proof. Let P = (S,1,T,L) and let ¢4, (e” (P)) = (S,I,T,L, L) as obtained by applying
[Def. 20] and [Def. 211 We already have that the labelling functions are two-valued by
definition. Therefore, by a suitable MDP exists if and only if for every s € S
we have |T(s)| = 1. By we know that in e (P) the may and must transition
relations coincide. Therefore the transition function, as defined in[Eq. 7] of [Def. 21 always

yields a singleton set by definition. However, note that the element of this singleton set

may contain a set with multiple point distributions. O

Lemma B.7. The embedding ei, preserves the refinement order. That is, for arbitrary
KMTSs K, K € # we have that K C , K iff ¢%,(K) C,, %, (K).

Proof. Let K = (S,I,T", 77, L', L") and K € (S,I, T, T", L', L") be arbitrary KMTSs

and let <§,f,T, f)!,f)7> and (S,I, T, L', L") be the corresponding embedded KMTSs

eé(f( ) and efg(K ), respectively.

It is sufficient to show that for any R C S x S we have that K Q?X/ K iff efg(f() Eg
efg(K ). It is immediate to see that the conditions regarding initial states and the labelling

for strong probabilistic game-simulation of ¢%, (K) and e, (K) (see IDef. 11| and [Def. 21))
are identical to the corresponding conditions on KMTS refinement of K and K (see
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19)). Therefore, it is sufficient to show that conditions |(iii)| and |(iv)| of [Def. 19 hold iff
conditions |(iii)| and |(iv)| of [Def. 11] hold.

Consider any (3,s) € R and let A' = {uy | s € T".s} and A” = {uy | s € T".s}.
By definition T'(s) = {A'} U{A’} and A' C A”. Similarly, A' = {uy | & € 7.3} and
A = {py | § €T7.5}. We have T(3) = {A'} U{A"} and A' C A”.

In this knowlegde, the quantifiers in condition and condition of can

be simplified, hence, we rephrase conditions |(iii)| and |(iv)| of [Def. 11] as follows:

(Gi) Al=p<=A =90
(Gil) A"=0=A"=0
(G.iii) For every py € A' there exists a puy € A' such that (uy, ) € D(R)

(G.iv) For every gy € A’ there exists a puy € A’ such that (uy, py) € D(R)

In fact, is implied by ((G.iii)| and |(G.ii)| is implied by Moreover, by the
definition of A',A?, A" and A7 and in the knowledge that (x,y) € R iff (uz, py) € D(R),
condition coincides with condition of and condition coincides
with condition of O

Note that up to now we have not needed to restrict ourselves to qualitative MDPs.

However, to prove the second part of the following lemma we do need this requirement:

Lemma B.8. For every qualitative MDP M € .# such that ¢? (M) € Iql(efg/(f()) for
some KMTS K € %, there exists a Kripke structure P € & such that P € Z(K) and
¢% (e” (P)) Ty ¢’ (M).

Proof. Let (S,I,T ,,L) be the qualitative MDP M and let (S,I,Ty,L,L) be its em-
bedding e?(M). Note that for every s € S we have Ty(s) = {T4(s)}. Let K =
<5’,f, T!,T?,ﬁ!,ﬁ?) and let (5’, 1,7, ﬁ!,ﬁ?) be its game embedding efg(K). We know
that for any 8 € S we have that T'(5) = {A'} U {A"} where A' = {uy | & € T".5} and
N = {us | § €T7.5).

As ¢? (M) € Z(e?,(K)) there must be some R C S x S such that €%, (K) CZ 7 (M).

From M we construct a Kripke structure P = (S,I,T», L) where (s,s') € Ty iff
for some A\ € T 4(s) we have that s’ € SuPP(\). It is now sufficient to show that
K Cf ¢’ (P) (and hence P € Z(K)) and ¢%,(e” (P)) C, ¢?(M). We first show
K C® e”(P) without assuming that M was qualitative.

Consider that e (P) = (S,I,T»,T%»,L,L). We already have that I C R.I and
that for every (5,s) € R we have L'(3) C L(s) and L’(5) D L(s) from the fact that
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egfg(f() CZ e (M). Remaining to show is conditions |(iiii)[ and |(iv)| of [Def. 19, To show
condition of we must show that whenever (3,s) € R and (3,8') € T' there
exists (s,s') € T such that (§,s') € R. Therefore, let (5,s) € R and (3,§) € T" be
arbitrary tuples. We will show that there exists (s, s’) € T» such that (§',s') € R.

Due to the fact that T'(5) = {A'} U{A’} where A' = {uy | & € 7.5} and A' C A”
and due to the fact that T (s) = {T 4(s)}, the condition of [Def. 11] of the simulation
efg(f() CZ e? (M) only requires that T4 (s) is such that for every uy € A! there exists a
A €T ,4(s) such that (ug, A) € D(R). Note that \ is not necessarily a point distribution,

however, from the definition of weight functions we trivially have that (§',s’) € R for any

s’ € supP(\). As the support of any distribution is always non-empty, and (s, s’) € T»
for any s’ € SUPP()), we have proven there exists (s, s’) € T» such that (§',s’) € R. This
means that condition of holds.

To show condition [(iv)] of we must show that whenever (3, s) € R and (s, s') €
T there exists (5,5') € T7 such that (§',s') € R. Therefore, let (3,s) € R and (s,s') €
T be arbitrary tuples. We will show that there exists (3,8') € T7 such that (¥, ') € R.

Due to the fact that T'(8) = {A'} U {A”}, where A” = {uy | & € T7.5} and A' C A7,
and due to the fact that Ty (s) = {T 4(s)}, the condition of [Def. 11] of the simulation
efg(f( ) C& €7 (M) requires that A" is such that for every A € T 4(s) there exists a gy € A’
such that (ug, \) € D(R). Because (s, s’) € T» there must exist a distribution X' € T 4(s)
such that s' € suPP(X). Clearly, there exists puy € A7 such that (uy,N') € D(R) (and
hence (§,s') € R). By the definition of A, there must exist (3,8) € T7 such that
(§',s') € R. This concludes that condition |(iv)| of [Def. 19| holds and therefore that
K CE 7 (P).

Remaining to show is that %, (e” (P)) T, ¢?(M). Let (S,1,T,L,L) be the em-
bedding €%, (e” (P)). Note that ¢, (e’ (P)) and e?(M) already agree on S, I and L.
Moreover, as T, consists only of point distributions, for every s € S we have that
T},(s) = {T.4(s)} = Tiy(s). This means that %, (e” (P)) = (M) and as the refinement
C,, is a preorder, and hence reflexive, we trivially have that %, (e” (P)) Ty, e?(M). O

Proposition B.9. For every K, K € J# we have that Z(K) C Z(K) iff 7%, (K)) C
I (K)).

Proof. Let K, K € . be arbitrary KMTSs. We first prove the implication from right
to left, that is: if for some Kripke structure P € & we have that P € Z(K) and
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Z(e%,(K)) C Z(e%,(K)), then P € Z(K).

PeI(K) <=
K Cy e’ (P) <= (Def 6)
% (K) Cy e (e (P)) = (Cem. B.7)
% (K) Ty e (7 (P)) <= (Cem. B.0)
KC, e’ (P) < Cow. BT
PeI(K) (Def 6)

We now prove the implication in the other direction. That is, if for some MDP M € .#
we have that M € Z9(e%,(K)) and Z(K) C I(K), then M € Z9(e% (K)). By|Lemma B.8
and in the following, let P € & be such that %, (K) C, %, (e” (P)) Ty e? (M):

M e 7%, (K)) <=

e (K) Cy €% (7 (P)) <= ([Lem. B.8)
KCy e’ (P)= ([Lem. B.T)
KC, ¥ (P) <= (Assumption)
% (K) Cy ey (" (P) = ([Lem. B.7)
% (K) Eg ¢/ (M) <= ([Lem. B.Y)
M € 1% (e (K)) ([Def.6) O

B.8 Proof of |[Proposition 4.9

[Proposition 4.9 PCTL satisfiability over MDPs can be reduced to deciding the thor-

ough satisfaction of games.

Proof. Consider the game G = ({30}, {30}, T, L', L") depicted in (with T'(30) =
{{ps,},0}, L'(50) = 0 and L’(39) = aP). We will show that for any PCTL formula
¢ € Bpery, we have that G P ¢ iff ¢ is satisfiable.

We first prove that Z(G) = ., e.g. that G is implemented by any MDP. To show
this, let M € .# be an arbitrary MDP, let ¢“ (M) = (S,I,T, L, L) and let R = {30} x S.
We will show that G CE e?(M). Clearly, I C S = R.3. Moreover, for any (39, s) € R,
as L'(39) = 0 and L’(39) = AP condition |(i)| and of are trivially satisfied.

For any (Sp, s) € R, consider an arbitrary concrete player 1 choice A € T'(s). We wish
to show that conditions |(iii)| and |(iv)| of [Def. 11| are satisfied for A. We have two cases:
A=0or A#0. If A =0, then taking § € T(3¢) satisfies both condition and
tivially. If A # (), we will now show that condition and are satisfied due to the
presence of {yz,} € T'(%).
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For condition let pug, 1 € D({ps,})- Clearly, {psz} o I{us } = Hso and for any
A € A we trivially have (ug,, \) € D(R).

For condition[(iv)]let Ac € D(A) be an arbitrary weight function over A. The resulting
distribution A o A\c € D(S) (or in fact any distribution over §) trivially simulates pg,,
hence (uz,, Ao Ac) € D(R).

We have shown that all conditions of hold, and therefore G CEe? (M) (eg.
M € Z(G)). Moreover, as we made no assumptions on M, it must be that Z(G) = .#.

Now, suppose ¢ € Ppor, is satisfiable over .#, i.e. there is some M € .# such
that M =, ¢. Due to the two-valued semantics of MDPs, M =, —¢ and hence, by
Definition 8 G £ —o.

To show the other direction, suppose G béfgh -¢. By there exists some
M € A such that M =, —¢. Clearly, this means ¢ is satisfied by some initial state of
M. We construct M’ from M by restricting the initial states to the state satisfying ¢.
Clearly, M' |=, ¢ and hence ¢ is satisfiable. O
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